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Degree 3 (cubic) Polynomials

• Bisection
• Newton iterations

𝑥𝑥𝑖𝑖+1 = 𝑥𝑥𝑖𝑖 −
𝑓𝑓(𝑥𝑥𝑖𝑖)
𝑓𝑓𝑓(𝑥𝑥𝑖𝑖)



Degree 3 (cubic) Polynomials

• Bisection
• Newton iterations

• Analytical
Cubic root + trigonometric functions

• Blinn’s Solution



Degree 3 (cubic) Polynomials

• Bisection
• Newton iterations

• Analytical
• Blinn’s Solution

Cubic root + trigonometric functions



Degree 3 (cubic) Polynomials



Degree 3 (cubic) Polynomials



Degree 3 (cubic) Polynomials



Degree 3 (cubic) Polynomials

Deflation:



Degree 3 (cubic) Polynomials

Deflation:



Degree 3 (cubic) Polynomials

1. Split
Roots of a degree 2 (quadratic) polynomial

2. Find one root
Newton iterations + Bisection

3. Deflate
Using the one root found

4. Find the other roots
Roots of a degree 2 (quadratic) polynomial
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Higher-Order Polynomials
function PolynomialRoots( , xstart, xend )

XC ← PolynomialRoots( , xstart, xend )
foreach interval x1 to x2 do

if sgn (x1) ≠ sgn (x2)  then
xR ← FindRoot(    ,     , x1, x2 )
XR ← XR ∪ { xR }

end
end
return XR

No Deflation!
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Computation Time (32 bits)

degree 2: <10 ns
degree 3: ~45 ns
degree 4: ~110 ns
degree 5: ~200 ns
degree 6: ~300 ns
degree 7: ~420 ns

Intel® Xeon® CPU E5-2643 v3 @ 3.4 GHz
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Challenge: Hair Rendering

Phantom Ray-
Hair Intersector

[Reshetov and 
Luebke 2018]
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Cubic hair curves:
Brute-Force Polynomial 
Root Finder (degree 10)
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Challenge: Hair Rendering

Cubic hair curves (5x):
Brute-Force Polynomial 
Root Finder (degree 10)
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Phantom Ray-Hair 
Intersector
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Challenge: Hair Rendering

Quadratic hair curves (5x):
Brute-Force Polynomial 
Root Finder (degree 6)

1.0x
Phantom Ray-Hair 
Intersector

3.6x
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Challenge: Hair Rendering

Phantom Ray-
Hair Intersector

[Reshetov and 
Luebke 2018]
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Random Thick Curve Intersection
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Polynomial Root Finder

Phantom Ray-Hair Intersector++

tests by Alexander Reshetov



Source Code & More
http://www.cemyuksel.com/?x=polynomials

include <cyPolynomial.h>

...

cy::Polynomial<double,5> poly = 
{ -0.01, 1.0, -2.0, 3.0, -4.0, 0.5 };

double roots[5];
double intervalMin = 0.0;
double intervalMax = 1.0;
double errorThreshold = 0.0001;
int numRoots = poly.Roots( roots, 

intervalMin, 
intervalMax, 
errorThreshold );
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